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Computation of Rotating Turbulent Flow with an
Algebraic Reynolds Stress Model

Matthew J. War field* and B. Lakshminarayanat
The Pennsylvania State University, University Park, Pennsylvania

Rotation has a strong effect on the structure of turbulent flows. Turbulence models based on isotropic eddy
viscosity are ineffective at predicting such flows. An algebraic Reynolds stress model has been implemented to
modify the Kolmogorov-Prandtl eddy-viscosity relation to produce an anisotropic turbulence model. The eddy-
viscosity relation becomes a function of the local turbulent production-dissipation ratio and local tur-
bulence/rotation parameters. A three-dimensional model is presented, and a two-dimensional form is utilized to
predict fully developed rotating channel flow over a wide range of rotation numbers. In addition, predictions are
obtained for a developing channel flow with high rotation. The predictions are compared with available ex-
perimental data. Good predictions are achieved for mean velocity and wall shear stress over most of the rotation
speeds tested. There is some prediction breakdown at high rotation (ft greater than 0.10), where the effects of the
rotation on turbulence become quite complex. At high rotation and low Reynolds number, laminarization on the
trailing side of the channel represents a complex effect of rotation that is difficult to predict with the described
models.

Nomenclature
A, C = constants in law of wall relation
C^ = eddy-viscosity coefficient
d = channel width
gjjkm = mean velocity derivative ratios defined in Eq. (18)
k = turbulence kinetic energy = (w, w ;) /2
p = static pressure normalized by pU2

P = production of kinetic energy, defined in Eq. (4)
q = unknown vector = [pt U, V]
Re - Reynolds number = Umd/v
rk»rijk - turbulence parameters defined in Eq. (18)
Uit U, V - mean velocities normalized by Um
U* = wall shear velocity = (TO) 1/2

U+ = wall velocity variable = U/U*
uifu,v = velocity fluctuations
utUj = Reynolds stress tensor normalized by Lfa
Xj = coordinate directions
y = distance normal to leading side (Fig. 1) normalized

byd
y+ = wall length variable =yU*Re
djj = Kronecker delta
e = dissipation of turbulence kinetic energy
eijfc = alternating tensor
K = von Karman constant
v = kinematic viscosity
vt = eddy viscosity
p = density
a = small negative coefficient for space marching
r0 = normalized wall shear stress = [dU/dy]QRe
a? = rotation rate, 1/s
fi = rotation number = ud/Um
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Subscripts
8 = values at edge of boundary layer
e = dissipation equation
k = kinetic energy equation
m = average
p = modification of pressure for space marching
s = slip
a = modification of vector for space marching
0 = wall value
1 = first grid point from wall

Introduction

MANY practical turbulent flows (see Fig. 1 for ex-
amples) are three-dimensional, rotating, and subject to

curvature. The present state of turbulence modeling for com-
plex flows1 prohibits the simultaneous examination of these
features, but relevant advances through studies of the in-
dividual phenomena could eventually lead to effective
models incorporating all these features. The subject of this
paper is the analysis and prediction of turbulent flows where
rotation is the dominant feature. This is achieved through
the use of an algebraic Reynolds stress model for the tur-
bulence.

There is considerable experimental evidence attesting to
the degree to which rotation affects turbulence.2'5 Principal
among these effects are the stabilizing/destabilizing
characteristics of rotating boundary layers due to imposed
Coriolis accelerations. Also important are variations in the
production to dissipation ratio, with a corresponding effect
on turbulence and mean flow quantities.

Prediction of rotating turbulent flows requires an exten-
sion of simple isotropic eddy viscosity:

(1)

The assumption of isotropic eddy viscosity implies that the
Reynolds stress tensor is aligned with the mean strain rate
tensor, with eddy viscosity as a constant of proportionality.
Predictions of turbulent rotating flows with simple eddy-
viscosity models have accounted for rotation through mixing
length models,6 modified two-equation models,7'8 and
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algebraic stress models.9'11 The algebraic stress models, in
general, allow the incorporation of more flow physics
because the ad hoc nature of the development is minimized.

The algebraic Reynolds stress model (ARSM) was origi-
nally proposed in general form by Rodi.12 Galmes and
Lakshminarayana13 developed an ARSM that incorporated
rotational effects. Full Reynolds stress models (RSM) show
promise for rotational flows but are expensive to solve in
practical situations.

This paper presents a variable C^ model for the turbulence
based on the ARSM of Ref. 13 and shows its application in a
two-dimensional Navier-Stokes code. The model is applied
to two sets of two-dimensional rotating channel flow data:
one fully developed flow and the other developing flow, at a
variety of Reynolds numbers. In addition, the importance of
certain processes in rotating turbulent flow will be emphasized
and an evaluation of the proposed model put forth.

Mean Flow Governing Equations
The governing equations for the Reynolds-averaged

Navier-Stokes equations can be written as

Sdq ir+ir+^-GrvW) = [0'B] odx dy dz \Re /

where

q= [Pf u, V, W], E=[ U, U2 +p, UV, UW]

F= [ V, UV, V2 +p, VW\ , G=[W, UW, VW, W2 +p]

S = diag(0, 1,1,1)

(Here, the first equation is continuity while the last three
represent the x, y, and z momentum equations.) The Rey-
nolds stress in term B of Eq. (2) may be evaluated directly
using ARSM or RSM models or by utilizing an eddy viscos-
ity from Eq. (1).

Turbulence Modeling
Two-Equation Model

A standard two-equation model is utilized to solve for tur-
bulence velocity and length scales utilizing an equation for
kinetic energy and dissipation as follows:

k-e model:

dAT dBT dCT

Re\dx dzdx dy d:

where

AT=[Uk,Ue], BT=[Vk,Ve], CT=[Wk,We]

[ r. t * \ n i~ ^ i *\ ~\

v
 dk

 v
 de 1 c = \v —— 1k dx ' e dx J L dy ' e 9r J

(3)

dk

assumptions if the first grid point is placed in the inertia!
sublayer. These establish k and e at the first grid point using
the following relations:

Algebraic Reynolds Stress Model
A full Reynolds stress model includes transport partial dif-

ferential equations for the Reynolds stresses, which require a
considerable computational effort to solve. The terms that
make the Reynolds stress transport equations differential
equations are the convection and diffusion terms. Rodi12

proposed linking these terms to other known quantities by
assuming that the transport of the Reynolds stresses is pro-
portional to the transport of kinetic energy. This reduces the
equations to an algebraic form with a commensurate increase
in the ease of solution. The ARSM of Rodi is

(Pu-2Pdu/3)(l-C2) (4)

where
Pu = - uiUk UM - ujUk Ui>k ) ,

d = 1.5, C2 = 0.6

2P = P,

The ARSM for rotating turbulent flows13 was derived by
making the same assumptions that Rodi made but for the
Reynolds stress equations with rotational terms. The model
is

k 3

where
(5)

For important rotating flows (Fig. 1) at a high Reynolds
number in the xl direction, the important velocity derivatives
are dU/dy for the channel, dU/dy and dU/dz for the duct,
and dU/dy, dU/dz, dW/dy, and dV/dz for axial tur-
bomachinery. When Eq. (5) is simplified, mean velocity
derivatives other than the four listed above are dropped; ar-
bitrary rotation is maintained to yield the following stress
equations in which mean flow quantities are written in terms
of (U,V,W), while the Reynolds stresses are written using

.TRAILING

"LEADING

= [P-e,CelPe/k-Ce2e2/k]

Cel = 1.44, = 1.92,

To avoid the necessity for near-wall modeling, k and e at
the first grid point could be obtained using local equilibrium

Fig. 1 Rotating flow geometries: a) channel; b) duct; c) axial
turbomachinery.
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Cartesian tensor notation following Eq. (5), with (1,2,3) cor-
responding to the (x,y,z) directions:

ulul _ 2 2(ti3ulu2-Q2ulu3)(2-C2)
~

(6)

u2u2 _ 2

(7)

k 3

(8)

lulu3 -Q2u2u3](2-C2)

( )

P + e f Q - l )

(11)

In Eqs. (6-11),

Note the effects of rotation on the Reynolds stresses. Tur-
bulence energy is transferred from streamwise intensities to
normal intensities, as evidenced by Eqs. (6) and (7) for a
negative Reynolds shear stress and a positive 123. Also, note
that the effect on the Reynolds shear stresses depends on the
relative magnitude of normal stresses. The algebraic equa-
tions are nonlinear in the Reynolds stresses and require k
and e, computed from their own respective transport equa-
tions. If, in a numerical simulation, the production is assumed
known from a previous time or space step, the algebraic
equations are reduced to linear form, the form utilized here.
In principle, the results from the ARSM in the form of the
Reynolds shear stresses would be utilized to close the
Reynolds-averaged momentum equations to allow a solution
for the mean flow. Unfortunately, many mean flow solution
procedures often experience numerical instability with this
source term type of closure. In addition, the assumptions
made in reducing the Reynolds stress equations from dif-
ferential to algebraic form compromise the quantitative ac-
curacy of the turbulent stress prediction. There are methods
available to enhance the numerical stability of the closure

scheme. One of these is the variable CM modification to the k-e
model.

C^ Modified for Rotation and Three-Dimensionality
A successful ARSM implementation approach10'14'15 is the

modification of the transport coefficient CM in the Kol-
mogorov-Prandtl relation to account for the results of the
ARSM. This effectively becomes a modification of the k-e
model which, while not representing physical processes
perhaps as well as a Reynolds stress model, is well tested and
inherently stable over a wide range of flows.

By introducing the assumption of local equilibrium (P = e)
and two-dimensionality in Eqs. (6), (7), and (9) for a rotat-
ing channel, Pouagare and Lakshminarayana10 developed
the relation

T ^dy
idu

9 /~aT

This relation is similar to the Richardson number approach3:

where
S = -20/^-/ dy (13)

These relations (where IHs Q3) give the desired enhancement
of turbulence on the leading side and suppression at the trail-
ing side but also result in a discontinuity at the centerline of
the channel, where the velocity gradient changes sign.

-.4 -.2

-TL
Fig. 2 Distribution of
bomachinery flow.

with rotation for hypothetical axial tur-

-40 -eo o
trailing leading

Fig. 3 Distribution of C^ with rotation parameters for a rotating
channel with production equal to dissipation.



960 M. J. WARFIELD AND B. LAKSHMINARAYANA AIAA JOURNAL

i.o
Vv

Fig. 4 Variation of the ratio of normal to stream wise turbulence in-
tensity in a rotating channel; Re-57,000.
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Fig. 5 Effects of rotation on production-dissipation ratio for a
rotating channel; Re = 57,000.

In this paper, the analysis has been extended to the general
three-dimensional, nonequilibrium case. By neglecting non-
linear combinations of rotation numbers except for Q2 and
O2 (03 is the principal rotation for rotating duct flows, while
&! is the principal rotation for turbomachinery flows), Eqs.
(6-11) can be solved in closed form to yield relations for the
Reynolds shear stresses.

The full CM relations (where CM now is a vector) are
presented in Eqs. (14-17). The terms are given in the
Appendix.

+ A3d(g23l2 +£3212) (14)

(15)

=Fldgl232 +F2dgm2 + F3d( 1 + £2332) (17)

The CM vector is applied as follows to close the Reynolds-
averaged equations:

k28U
edy '

^ k2dV
^ edz

k2dU

edy

The split treatment of C^3 and C^4, while not following the
eddy-viscosity principle, is necessary for implementation of
the variable C^ model into the momentum equations, where

the following terms require closure:

x momentum:

dy dz
y momentum:

z momentum:

8u2u3

dz

8u2u3

dy
The following natural groups appear in Eqs. (14-17):

^ '*=isr/0"
The three-dimensional variable CM model was utilized with a
test case in which dU/dy and dW/dy (with CMl and C^4)
terms were retained while other mean velocity derivatives
were dropped. Figure 2 shows the distribution of CMl and
C^4 for variation in rotation number, at different values of
production-dissipation ratio. The effect on CMl is slight,
especially at higher P/e values, while a general increase is
shown for C^4 in going from negative to positive rotation.
These results can be explained by inclusion of the Coriolis
effects in the C^4 term, which is applied to the z-momentum
equation, while the stream wise flow is not directly affected
by the Coriolis acceleration for this case since the rotation
vector is parallel to the mean flow.

Application to Rotating Channel Flow
It is instructive to examine the case of two-dimensional

rotating channel flow (Fig. 1), where the result reduces to

(19)
(2/3)(C2 - l)(C2P/e + Q - 1)

where

D{ = (P/e)2 + 2(P/e) (Q - 1) + (Q - I)2

D2 = [4r3(2 - C2)/2]2 + 4(C2 - 1)(2- C2)r2r{23

Equation (19) effectively gives C^ as a function of P/e, r3,
and rl23. Using values for the constants of Q^l.5 and
C2 -0.6, Eq. (19) yields CMl to be approximately 0.13 for the
nonrotating local equilibrium case. It was determined to
force the coefficient to be the standard value of 0.09 for the
zero rotation, local equilibrium case. The altered form of the
relation is then obtained by multiplying Eq. (19) by the fac-
tor 0.09/0.13. The importance of the production-dissipation
ratio is readily visible in this reduced equation. Note the ef-
fect of rotation on C^. For rl23 > 0 (leading side), CMl is
enhanced, while for r123<0 (trailing side), C^ is decreased.
Additionally, this formulation provides a continuous
distribution of CMl across the flowfield, a physically realistic
result. Figure 3 shows the distribution of C^ with the tur-
bulence rotation parameters for a local equilibrium situation.
In general, r3 is largest away from the walls, while r{23 is
largest near the walls. The leading-side effect is much more
dominant. This appears to be supported by the eddy-
viscosity profiles of Johnston et al.,3 where the unstable side
was shown to have a stronger variation in eddy viscosity.
The readability of C^ is ensured by setting the following
limits:

C ! (max) = 0.200, C {(min) - 0.025
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Fig. 6 Effects of rotation on turbulence length scale for a rotating
channel; Re = 57,000.

The ARSM closure and modified CM models were im-
plemented in a two-dimensional space-marching code for ap-
plication to two-dimensional rotating channel flow, where
only C^ is active and where the source vector of the mean
momentum equations reduces to:

= [0,203
L oy

The two-dimensional version of Eq. (2) is reduced to space-
marching form by neglecting streamwise diffusion and by
splitting the pressure into an assumed part and an implicit
part.16 The use of a small coefficient a on the implicit
pressure enables the system to be marched parabolically. The
resulting modified vectors are

The coefficient a( = — 0.01) is introduced to change the
character of the equation from elliptic to hyperbolic. The
coupled solution is achieved through single-pass streamwise
integration via the standard Euler-implicit solution pro-
cedure. More details on the solution procedure can be found
in Ref. 16. The equations are presented in Cartesian form
but are equally applicable in generalized body-fitted coor-
dinates. Details on the turbulene model implementation to
follow.

Because of better prediction performance obtained, a tur-
bulence slip velocity was used in most instances rather than a
no-slip boundary condition. Cases in which laminarization
of the channel trailing side occurred were also predicted us-
ing a no-slip boundary condition on that side only. The slip
velocity was set by using the law-of-the-wall form

+C

For the applications considered, ^4 = 5.8 and C= 5. From the
friction velocity, the slip velocity was determined from

There is evidence5 that rotation affects the law-of-the-wall
distribution for fully turbulent flow, but the effects are greatest
for>>+ > 100. The grid for the problems encountered was set so
that the first grid point was in the 20-30 range of y+ , for which
it was assumed the standard law of the wall was valid.

Initial conditions for mean velocity were set from the data,
if available, or from mass flow conditions with a uniform in-
let profile.

Numerical Results and Analysis
The two-dimensional ARSM [Eqs. (6), (7), and (9)] was

applied to rotating channel flow. The ARSM was solved to
yield the Reynolds stress that was included in the mean
momentum equation through the source term B in Eq. (2).
Later discussion will refer to this as the ARSM closure
scheme. The solution procedure for the ARSM closure
method was as follows:

1) Solve for k and e at the previous streamwise station us-
ing the mean velocity solution at that station.

2) Use k and e values to solve the algebraic stress equa-
tions at the previous station.

3) Use Reynolds shear stress to close the mean flow equa-
tions at the current station.

When the modified CM method was used, k and e at the
previous station were utilized, along with CMl, to close the
mean flow equations at the current station through the eddy
viscosity.

It was found that the ARSM closure method tended to be
unstable for rotation numbers greater than about 0.05. Solu-
tions could be obtained for higher rotation rates, but spatial
oscillations occurred in the results. Despite the instability,
several results were obtained with the ARSM closure scheme
at low rotation. Figure 4 shows the ratio of normal to
streamwise turbulence intensities for zero rotation and also
for low rotation (123=0.05). The increase with rotation of
the normal intensities and the decrease of streamwise inten-
sities on the leading side are reflected in the results and
represent the transfer of turbulence energy, as discussed
earlier. The results shown in Fig. 4 are consistent with the
data of Koyama et al.5 (see their Fig. 13) in that the ratio of
the normal component of turbulence intensity to the stream-
wise component is greater with rotation than without rota-
tion over most of the flowfield.

Comparisons were made for streamwise velocity and
Reynolds stress profiles for zero rotation cases measured by
Laufer17 and Halleen and Johnston,18 with good results
shown.19 Figure 5 shows the effect of rotation on the
production-dissipation rate. Although quantitative features
of this ratio are difficult to predict (and measure), the
overall effect of rotation appears principally on the trailing
side with an enhanced production-dissipation ratio. Leading-
side effects, while opposite from trailing-side effects, are not
as marked. The shift of the zero slope point in the velocity
profile from the center of the channel to the trailing side
creates altered effects near y = 0.5. Figure 6 shows the length-
scale parameter k3/2/e and its distribution with and without
rotation. The zero rotation prediction does not match the
data well because of the slower rate of decrease in the
dissipation as the center of the channel is approached. The
effects of rotation are seen in the decreased length scale on
the leading side and increased length scale on the trailing
side. Both the energy balance and the length-scale results of
Figs. 5 and 6 are mostly effected by changes in the dissipa-
tion rate with rotation. Since production of kinetic energy is
enhanced near the leading side, and since the production-
dissipation ratio and turbulence length scale are lower near
the leading side than near the trailing side, it can be inferred
that rotation has a greater effect on dissipation than it does
on kinetic energy or production of kinetic energy. Figures
4-6 concern diagnostic results obtained with the ARSM
closure scheme, where later results concern the modified CM
closure scheme for the two-dimensional rotating channel.

Fully developed two-dimensional flow in a rotating chan-
nel was measured by Halleen and Johnston.18 The experi-
ment included a variety of Reynolds number/rotation
number combinations. Their rotating duct of high aspect
ratio was 59 in. long and 1.5 in. wide. Water flow was used
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Fig. 7 Comparison of velocity profiles resulting from modified and
unmodified turbulence models for a flow in a rotating channel;
Re = 35,000.
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Fig. 8 Law-of-the-wall velocity plots for flow in a rotating channel;
Re = 11,500: a) trailing side; b) leading side.

in the channel and Reynolds numbers in the 11,000-35,000
range were used in conjunction with rotation numbers in the
0-0.2 range. The measurements were taken 29-34 channel
widths downstream of the inlet (depending on the case). The
stable variable C^ turbulence model was applied to several of
the cases, whereas the ARSM closure scheme was utilized
only at zero rotation because of its stability limitations. The
solution was started from the channel inlet and utilized
uniform inlet conditions. Figure 7 shows high Reynolds

0.8
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Fig. 9 Comparison of rotating channel velocity profiles with data
using different boundary conditions; Re = 11,500.

number predictions of mean velocity for a moderate rotation
value, comparing the variable C^ method with unmodified
standard models and with other modified two-equation
models. It can be seen that the prediction from the variable
CM model is superior to those from unmodified standard
zero and two-equation models. The variable CM prediction
also appears favorable to the other modified two-equation
models.

The lower Reynolds number data of Halleen and Johnston
show a laminarization of the flow near the trailing side at
higher rotation numbers. Figure 8, where Halleen and
Johnston5s data are shown plotted in law-of-the-wall form,
shows the dramatic effect on the law-of-the-wall assumption.
Note that fully turbulent flow still exists on the leading side,
while laminar flow arises on the trailing side for higher rota-
tion numbers. Since the flow is laminarizing near the trailing
side, assumptions related to high Reynolds number condi-
tions are no longer valid. This invalidates both the wall func-
tion boundary-condition approach and the high Reynolds
number two-equation model in use. Predictions were attemp-
ted with the discussed model, however, as a first step, by us-
ing both wall functions (assuming the log-law to hold and
remain unaltered with rotation) and by utilizing no-slip bound-
ary conditions for the trailing side while continuing to use
the slip velocity on the leading side. In both cases, wall func-
tions were utilized for k and e at the walls. Figure 9 shows a
series of predictions at lower Reynolds number over a wide
range of fi, comparing the two approaches. Much better
agreement is shown when the no-slip boundary condition is
used on the trailing side, but it must be emphasized that this
type of situation demands the application of near-wall/low
Reynolds number modeling. The no-slip treatment on the
trailing side appears to improve the prediction at higher rota-
tion, probably because of the increasing laminar zone, which
makes the no-slip boundary condition a better choice with
the grid placements used. The data at the highest rotation
number show a large boundary-layer growth in conjunction
with high wall shear stress on the leading side; this is a com-
plex turbulence effect that is difficult to capture. The
laminarization of the trailing side at low Reynolds number
has been discussed in Refs. 3 and 4.

Figure 10 shows the variation of predicted wall shear ve-
locity with rotation for the Halleen and Johnston data. The
comparison with modified and unmodified models is again
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Fig. 10 Wall shear velocity variation in a rotating channel;
Re = 35,000: a) comparison between modified and unmodified models;
b) comparison between modified models.

favorable to the present method. The CM implementation of
the ARSM has been effective at predicting the correct rota-
tion effect on wall shear stress.

The Halleen-Johnston channel cases were predicted with
40 cross-channel points. The solution with the standard k-e
model for 105 stream wise stations required approximately
22-s CPU time on an IBM 3081. The variable CM model took
negligibly greater time, while the pure ARSM required an ad-
ditional 2-s CPU total for the solution of the algebraic stress
equations at each grid point. The space-marching algorithm,
coupled with the k-e/variable C^ turbulence model, repre-
sents a very economical solution procedure. The variable CM
model proved to be sensitive to the ratio of production to
dissipation in some regions, and smoothing of this ratio
across the channel was utilized to stabilize the solution
procedure.

Koyama et al.4 have measured a developing turbulent
channel flow at high rotation. Their channel utilized airflow
through a high-aspect-ratio duct with a length of 280 mm
and a width of 40 mm. Rotation numbers ranging from 0 to
0.25 were used. The modified CM model was applied to that
case and predictions were for 123=0.25. Figure 11 shows
mean velocity predictions at several stages of development of
the rotating flow. Although the profile is reasonably well
predicted, the growth of the boundary layer is not well
predicted. In addition, the sharp corner in the profile near
the leading side at the final predicted station has not been
captured. At this high rotation value, it is seen that the
prediction becomes somewhat poorer as the development
continues. There is the same laminarization effect in this case
that was seen in the previous low Reynolds number case. The
laminarization here occurs at higher Reynolds number and at
a higher rotation number than in the previous case and
becomes more pronounced with streamwise distance. The
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Fig. 11 Velocity predictions for a developing rotating channel flow;
Re= 16,500.

same turbulence mechanisms near the leading side appear to
be in operation for this case as in the previous cases: high
wall shear stress, coupled with increasing boundary-layer
growth, with higher rotation rates. It appears that the per-
formance of the model deteriorates when fully developed
conditions create interaction between the boundary layers on
the leading and trailing sides.

Conclusions
An algebraic Reynolds stress model has been formulated

for general three-dimensional rotating turbulent flows of the
type found in rotating ducts and turbomachinery. A modi-
fied CM method of implementation gave good velocity and
wall shear stress predictions over a wide range of rotation
numbers in a rotating channel, while an ARSM closure
method gave unreliable results for all but low values of rota-
tion. The modification of the k-e model through a variable
CM has several advantages in complex turbulence modeling:

1) It is inherently stable over a wide range of flowfields.
2) It is easy to apply to existing k-e models.
3) It is computationally very efficient.
4) It is capable of extensive modification of standard k-e

model results.
5) When based on full Reynolds stress closures that have

been reduced to algebraic form, the physical nature of rota-
tion effects on turbulence are naturally included in contrast
to ad hoc modifications.

6) Modifications based on different extra-strain effects
(rotation, curvature, etc.) can be easily combined.

The variable C^ method of application gave good velocity
and wall shear stress predictions for high Reynolds number,
fully developed rotating channel flows at low to moderate
rotation. At lower Reynolds numbers, the tendency for the
trailing side to laminarize created a prediction problem
resulting from the breakdown of modeling assumptions. A
developing channel flow with high rotation was well
predicted in early development stages, but not as well when
fully developed conditions were approached. The high wall
shear stress coupled with increased boundary-layer growth
on the leading side is a complex effect not well predicted by
any of the models considered.

Appendix
The terms used in Eqs. (14-17) are
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(Cla2-c2al)(ala2b2-a]a2b}) a2

H alb2-a2bl

(a2cl-aiC2)(a2ib3-ala2bl) al
H

(Cia2 - c2a,)(a2 b2 - a^bj
H

A,=-

G=(c3al-cla2)(alb2-a2bl)-(b3al-bla2)(c2al-cla2)

[2(2 - C2)r3 ]2 + 4(2 - C2)(C2 - \)r]r,
D2

;2-C2)r, , 2(2-C2)(C2-l)r2/-3r132

(C2 - l)r2A-232 2(C2 - !)V2r3r123r132

D D2

(2-C2)r2 2(2 -C2)(C2- l) -r123)
Z) D2

(C2-l)r2r232

Z)

-(C2-l)r1/-321+(2-C2)/-,
D

2(2-C2)(C2-l)r2/-3r123

D2

4(2-C2)(C2-lHr132

D2

-(2-C2)r3 _ 2(2-C2)(C2-l)r,/-2(/-321+r132)

(C2 - I)r3r123 2(C2 -
D D2

-(2-C2)r2 [ (2-C2)(C2-l
D 2D2

(2-C2)r3 2(C2-l)(2-C2)r,/-2r231
W 2 ~ D D2

-1 5(2-C2)(C2-l)r2/-23,
°3~ 2D2

2(C2 - IjV^.r,,!/-!,, -2(C2 - l)2/jr231r321 + [2(2- C2)r,}
D2

= 2/3(C2 - 1) 2/3(C2 - l)2P/e
D + £>2

where/3 = P/e + C, -1.
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